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Average properties of a copolymeric chain in which a segments of the kind A and b segments of the kind B
occur alternatively are calculated for an infinite chain length. For the simplest case of a=b=1, i.e. an alternating
copolymeric chain (-A-B-) x» the average number of adsorbed segments of A, #,, that of B, 75, and the mean

square end-to-end distance 72 are computed numerically as functions of the adsorption energies ¢4 and ¢p.

The

values of 74, 75, and 7% are proportional to N for larger values of 7, (=exp(e4/kT)) than the critical value (7,).

at fixed 7, as found for the case of a homogeneous polymeric chain.

It is seen that the behavior of the copolymeric

chain near an interface is affected distinctively by the adsorption energies of the segments A and B, and the
copolymeric chain is forced to adsorb even for a fairly low adsorption energy of the segment of one kind if the
adsorption energy of the segment of the other kind is sufficiently large.

Statistical-mechanical theories of the adsorption of
polymeric chains at interfaces have been presented by
many investigators.!~? For the homogeneous poly-
meric chain which is a long sequence of segments of the
same kind, it was shown that the conformation of the
isolated polymeric chain near the interface changes
discontinuously at a certain value of the adsorption
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energy which depends on a lattice model used. In
the case of the polymeric chain consisting of n 41
segments on a simple cubic lattice we obtained results
where the average number of adsorbed segments is
given by

7 = n{l—7[2(7—1)]*

+ 9[4(p— 124+ (p—= IV}, >,
= (5/ 2) (7m/ 6)1/2, N=7e¢
7 = 6/(6—>57), <7 (1)

and the mean-square end-to-end distance by
7 = 28n(y—1)[4(9—1)*+ (= 1DIV2 >,
7% = (8/9)n, 7=
<2 (2)

7% = [,
where 7 is related to the energy gain per segment as-
sociated with the adsorption —¢, by the equation

n = exp (¢/kT), (3)

7. equals 6/5, and [ is the distance between neighbor-
ing segments.%? It is interesting to estimate the effect
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of foreign segments introduced into the polymeric
chain upon the above equations. This is useful to
understand better the strange behavior of copolymers
at interfaces.

We extended the theoretical treatment given in
previous papers to a copolymeric chain consisting of
segments of various kinds. For convenience, we con-
sider a copolymeric chain in which the segments of
kinds A and B, the same in size, occur in alternative
succession of a segments of the kind A and b segments
of B.

Theoretical

1. Probability of an Adsorbed Polymeric Chain. The
behavior of polymer molecules near an interface is
represented by a symmetrical random walker whose
way is blocked by the interface when the self-excluded
volume is neglected and the concentration is extremely
dilute. We are concerned with a polymeric chain
(-As—By—)» consisting of (a+b)N segments lying in
the positive z domain of a simple cubic lattice and
adsorbing at the interface which is the xy plane through
z=0. We also assume that the polymeric chain is
always adsorbed by the end segments of the chain on
the interface, because the dangling chain ends make a
negligible contribution to the properties in an adsorbed
state (7>7.).4" A given conformation ef the absorbed
polymeric chain, of which one chain end is located at
the origin and the other end at a point (¥, »,0), is charac-
terized by a sequence of random walkers which touch
the interface only at two ends and have probabilities
Ji;(x5,95). The probability of the adsorbed polymeric
chain is then given by

m-1

P n(®:.: 1478) = 23333 0478 Sy ¥ms Im) I 15f05(%4,51)s
m k x,y Jj=1

(4)

na = exp (¢4/kT), 75 = exp (¢5/kT), (5)
and 7, takes 74 or 7 according to whether the j-th
random walker terminates in the segments A or in B.
A set.of k, x, and y means a microscopic state satisfying
the conditions

where

/,z_nik, = (a+b)N — 1 (6)

which come from the fact that the polymeric chain of
(a+b) N segments is replaced by the random walk of
(a+b)N —1 steps,

m m
jng:x’ and jgl_yjz_y, (7)

and the sums are taken over all possible values. On
introducing generating functions

gﬁ(a+b)1\'(x’.y: Nas 77B) €Xp (1'x0+l,y¢) = P(a+b)1v(0’ ¢’ N4 773)

lév:llp(a+b).lv‘(0: ¢> 7 45 vB)w(a+b)N_1 = P(H, ¢’ VrR/H w) (8)

and
g‘f(a+b)n+k(x,.7) €xXp (lx0+§y¢) = F(a+b)n+lc(0’ ¢)

éF(a+b)n+k(0’ ¢)w(a+b)n+k = F,(0, &5 w), (9)
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Eq. (4) becomes
P(0, §, 74> 73 0) = vAagg‘lll\l”‘)V

= 7.aMI-M)74", (10)

where
77AFa.+D 77AFI "'WAFa‘——I 77BFa "'77BFa+b—1

M= vAFa+b—-1 WAFa.+b"'774Fa,—2 77BFa.~1"'7]BFa+b—2 > (11)
\9.4Fy U 94k 78Fai178Fass

a=(10--0),and p=(0 --- 0 1).
Substituting Eq. (A9) in the Appendix into the above
equation, we obtain

P (6, $, 9.4 755 w) = 744:(1)/D(1), (12)

where
774Fa+b_ 1 77AF1 "'77BFa+b—1
D(l) = (—I)CHD 774Fa+b—1 77AFa.+b_ 1"'778Fa+b—2 (13)
77AFI WAFZ WBFa.+b_ 1
and
n4Fy Nala pFaypy
A:(1) = | 9aFarp—1 7aFy - 7pFa,p-0 (14)
74l naFy o npF

It is now necessary to know Fy(0, ¢; w) as a function
of 0, ¢, and w in order to have an explicit expression of

P<03 ¢3 %45 7B; w)-

2. Evaluation of Fy(0, ¢; w). There exist relations
between the probabilities f(a+5n+%(%, ») and correspond-
ing probabilities #.sn.x(%,») of an unrestricted random
walk:

Ugso)nsk (%5 D) =32vf1(xl’)’/)u(a+b)n+k—1(x—x/’y‘—.y/)
b

+ Z;z%.f(am)j+1(x/:yl)u(a+b)(n~j)+k—1(x—xl’y“.7,)

+ 2;ng(a+b)(j+1)(x/a)’/)u(a+b)(n—j—1)+k(x“‘x’:y—.}’/),
F=1,2, a0+ b (15)

Defining generating functions
E Uginynsk(%:9) €XP (20 +90) = Utipynex(0, 9)

S Waasomsl0, PO = Uy(6, ¢3 0)° (16)

analogous to Eq. (9), Eq. (15) becomes
Ui(6, ¢; w) = [2F,(0, ¢; w) — wFy(0, $)]1Us1(6, ¢; w)
+ 2F5(0, ¢; w) Up_o(0, 5 w) + -+
+ 2F,,5(0, $5 w) Up(6; 45 w),
E=1,2ya+b—1
Ua+(0; ¢35 w) — U6, ¢) = [2F1(6, ¢; w)
— wFy(0, $)1Ua+5-1(0; $5 w)
+ 2F,(0, ¢; w)Ug1p2(0; ¢5 w) + -+
+ 2F4,5(6, ¢; w)Uass(6; 65 w)- (17)
Rearranging the above equations after introducing

8) For k=a+b the equation is slightly modified by adding
Uo(0,9) to the left-hand side.
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Us(0, ) = 1 and Fy(0, ¢), = ¢/3 (18)
where
¢ = cosf + cos ¢, (19)
we obtain

Ui-1(0, 5 w)Fy(0, ¢5 w) + Up_o(0, ¢35 0)F(0, $5 ) + -+
+ Ui(0, ¢; ) Fa,5(0, ¢5 w) = (1/2)[Ux(0, $; )
+ (ew/3)Up1(0, p5w)], k=1,2,-,a+b—1
Uarv-1(0, ¢3 ) F1(0, ¢; w) + Usyp_2(0, $5 w) (6, $50) + -+
+ Uaso(6; $5 ) Fars(6; 65 w) = (1/2)[Uass(0, ¢ )
+ (cw/3)Ugyp-1(0, ¢; w)—1]. (20)
These equations allow us to evaluate Fy(0, ¢, w). We
have
F,(0, ¢; w) = cwf6 + D,;/D
F.(6,¢;w) = Dy/D, k=2,3, -
Fois(0, $3) = 1/2 + Dyoo/D,

wa+b—1
(21)
where
Usso
(22)

and D, is the determinant obtained on replacing the
respective elements in the £-th column of D by

0,0, .0, —1/2.
U,(8, ¢; w) in the determinants are given by

U0, i) = 5| Slereos)) /
a+d
{l -—[%(c+cos ¢)J }
= B/(a+)] 3] (oD B awfo?
- (w/wl)Z]l/z}’ ] = 19 2’ s a+ b’ (23)
where
o = exp [2ni/(a+b)]. (24)
3. Expressions for Average Properties. We may

write P(0, ¢, 74, 78; w), which we will denote by
P(c, 74, 78; w) hereafter, as an explicit function of ¢,
74, W8, and w. It is now possible to calculate the
average properties of the adsorbed polymeric chain.
Taking into account Egs. (4) and (8), the mean square
end-to-end distance is given by

= lz[c{ap(a-rb)N(" 7as VB)/ac}/P(a+b).N(0’ 7as 77B)]c=2’ (25)

where P (g0 5(¢, 74, 78) is used instead of Pu.ny (0, 9,
74, 98). On the other hand, the average number of
adsorbed segments of the kind A per polymeric chain
is computed by

= 7.{0P s0)5(2; 7.4 78)/97.4}/Par0)5(2 7.0 78)  (26)

and that of B by
Vg = VB{aP(aAb)N(Z: N4> 7715)/8771?}/P(a+b).N(2’ N4 nB)- (27)
In order to carry out the calculation of Egs. (25),

(26), and (27), it is necessary to know P .0 w (¢, 74, 73)
and its derivatives with respect to ¢, 74, and 7. These
functions are found by applying Cauchy’s residue
theorem to Eq. (8). We obtain
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Plasnn(es 70 75) = (1/27i) § (1f@*)

X P(”’ %4> 7B w)dwa
[0P 1oy (65 7.0 78)/0¢)ece = (1/270) § (1@ )
10)/30)e-ache, (29)

(28)

X [0P (¢, 7.0 753
OP @y (2 05 75) 974 = (1/270) §. (1uo'* ™)

X {aP(z, YVR/I:H w)/a”A}dw’ (30)
and

OP iy (2 1 18)/05 = (1/270) § (1w @D

X {0P(2, 9.4 7p: w)/07p}dw, (31)
where the contour C, includes only the pole at w=0.

4. Average Properties of (—A-B-)x. Taking up
the simplest case a=b=1, i.e. an alternating copoly-
meric chain (-A-B-)y, we will consider the effect of
different adsorption energies of segments A and B on
the conformation. Let us first derive the generating func-
tions of unrestricted random walk U (c;w) and U,(c; w)
which are necessary for knowing Fj(c;w) and Fy(c;w).
This is done by introducing a=b=1 and w=—1 result-
ing from Eq. (24) into Eq. (23); we have

Us(e; w) = (3/2{[B—aw)®— w72 — [(3+ew)?—w?] 72}
Up(e;w) = (3/2{[(B —ew)*—w?] /2 + [(3+cw)*—w?]"Y/2}.
(32)

Substituting these equations and Eq. (22) into Eq (21),

we get

Fy(c;w) = aw/6 — (1/12){[(3—aw)? —w?]/2
— [(3+aw)?— w3}
Fyle:w) = 1/2 — (1/12){[(3 — cw)? — w?] 2

+ [(8+ cw)?—w?]V/2}. (33)

The generating function of the probability of adsorbed
polymeric chain is connected with Fy(¢;w) and Fy(c;w)
with the aid of Eqs. (12), (13), and (14), and is expressed
as the explicit function of ¢, 74, 75, and w:

P, 04, 753 w) = 7.08F1(c; w)/D(¢, .05 75, ),
where

D(c, 14 75> w) =

(34)

I — (pa+18)Fa(c; w)

+ 9. p[Fa(c: w)? — Fy(c; w)?]

(14t 75)* {[1 1 2905 g

=ML S - +cw
4nmp 6 94ty B(

1 295

- [(3—cw)2—w2]1’2)j[1_ 6 74+7s

X (3—cw—[(3 +cw,)2—cw’]1’2)]
G

On introducing Eq. (34) into Eq. (28), the generating
function P,x(2, 74, 78) is given by

(35)

1 1 s (259) 4,
2mi ft‘ w D(2 N4> B> w)
Itis seen from Eq. (35) that the equation D(2, 74, 9a,
w)==0 has two roots w, and w, which are related to each
other by

Pay(2, 70 98) = (36)



1246

W = —W,

(37)

and coincide with branch-points w=1 and —1 respec-
tively for a set of 74 and 75 satisfying

36 — 6(3—6Y2)(74+75) — 5(24/2—1)7.475 = 0. (38)

We are interested in the behavior of the adsorbed
polymeric chain only when the values of 74 and 7z
are larger than the critical values given by Eq. (38),
because the polymeric chain is in reality in the adsorbed
state for the values of 74 and 7. If the values of 74
and 7p are larger than the critical values and N is
infinitely large, the principal contribution to the
integral of Eq. (36) comes from residues of w, and w,.59)
Thus we have

1 7478F1(2;5 w,)
P = —
wr (% 7.0 7n) w2 0D(2, 7.4, 15, Ws) /0w
1 9478F1(2;5 w,)

~ @ D@, 1.0 1 w)fiw )

where 0D(2, 74, 75, w,)/0w and 0D(2, 74, 75, w,)/0w
denote the values of 0D(2, 74, 78, w)[0w at w=w, and
w,, respectively. Combining

0D(2, 74 75, w)[0w = — (n.4+78)0F,(2; w)/0w
+ 29475l F2(2; w)0F,(2; w) /0w — Fy(2; w)oF,(2; w)/ow]
(40)
where
OFy(23 )/ow = 1/3 + (1/4){(2— ) [(3—2w)*— w?] /2
+ 24+ w)[(3+2w)2—w?]¥/?}
0F;(2; w)/ow = (1/4){(2—w)[(3—2uw)*— w?] /2
= (2+w)[(3+2w)*—w?]"/%}
with Eq. (37), we obtain

(41)

0D(2, 74 7p, wy)[0w = — 0D(2, 7.4, 75, wa)[0w.  (42)
From this and
Fi(2;w) = —F1(2; w,), (43)
Eq. (39) is reduced to
2 .
Py (2,94, 8) = — 7475525 w,) (44)

w®¥  0D(2, 7.4 175, wy)/0w
On the other hand, the substitution of the derivative
of P(c, 74, 78; w) with respect to ¢ into Eq. (29) gives

[3Pm(o, 7.4 7B) ] _ 1 { dw (9. 0F;(2; w)/dc
dc =2 27t oJ e lUZNL D(2 N4 B> w)

_ nansFi(2; w)0D(2, 9.4, 75, w)/a"j (45)
D(2, 14, 78, w)*

where
0D(2, 7.4 75, w)[0¢ = — (9a+75)0F(2; w)/dc
+ 27.75[F2(2; w)0F,(2; w)[/dc — Fy(2; w)0F;(2; w)/oc]

(46)
in which
OF,(2; w)/0c = w]6 + (/12){(3— 2w)[(3—2uw)? — w?] V2
+ (34+2w)[(3+2w)*—w?] 7Y%}
OFy(2; w)/9c = (w/12){(3—2w)[(3 — 2uw)? — w?] V2
— (3+2w)[(3+2w)? —w?] "2}, (47)
Carrying out integration in a similar way and retaining

the predominant term in the limit N>»1, Eq. (45)
becomes

Kinsi Motomura, Kgji SekiTa, and Ryohei MATUURA
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l: 3Pm(v, m, 75) ]

2N nansFi(2;w,)0D(2, 14, 75, wl)/ac‘
w2 [0D(2, 94 75, w1)/0w]?
We may obtain expressions for 0P,y (2, 7.4, 75)/074 and
0Py 5 (2, 14, 78)[/07s by using a method similar to that
used to derive the above equation:

aPzN(29 Nas nB) —
074

(48)

2N 7ampFi(2; w,)0D(2, 94 18, 01)/074
w211 [0D(2, 145 78, w,)/0w]?

0Py (2, 9.4 78) -
07

_ 2N 9sF1(2; w,)0D (2, 1.4 75, wl)/aVB (49)
w21 [0D(2, 7.5 78, wy)/0w]?

where
0D(2, 7.4 75> w)[074 = — Fy(25w)
+ 75[F2(2; )= Fy (25 w)?]
0D(2, 7.4 78, w)[075 = — F(2; w)
+ 74[Fy(2;w)*— Fy(2;w)*]. (50)
The final equations for the average properties are
derived by substituting Eqs. (44), (48), and (49) into
Egs. (25), (26), and (27):

2 aD(z N4> VB> wl)/ac

2_=
o= 2N wy 0D(2, 94 75, wy) /0w’ GD)
—— /7 0D(2, .45 9y 01)/074
= 2Nw1 aD(2, Nas VB’ wl)/aw ’ (52)
and
By = 9NIB 0D(2, 74 7, wl)/de (53)

w; 0D(2, 74, 95, wl)/aw

We can now calculate the average values 72, 74, and
75 of the polymeric chain (~A-B-)x at the interface as
functions of 74 and 7z and compare them with previous
results.

Discussion

Let us first consider how the average number of
adsorbed segments of kind A in the alternating copoly-
meric chain (—-A-B-)x varies with 7,4 in the limit N>>1
when 7p has a given value. This is determined by
numerical calculation of Eq. (52) which is made by
evaluating one root w, of the equation D(2, 74, 75, w)=0
at a given set of 74 and 7z and then substituting the
root into Eq. (52) with Egs. (40) and (50). The
variation of 7, with 74 at few fixed values of 73 is
illustrated in Fig. 1, where the ratio 7,/2N is plotted
against ¢, measured in the unit k7. It is seen that the
average number of adsorbed segments is proportional
to the total number of segments of the copolymeric
chain for values of 74 larger than the critical value
(74) derived from Eq. (38) at given 7, as found for
the case of a homogeneous polymeric chain consisting
of identical segments. The critical value (7.4). increases
remarkably with the decrease in 75. The increase of
74 with 74 is slower than the corresponding one of the
homogeneous polymeric chain calculated by Eq. (1).
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0.4

542N, 5[2n

0.1

eqlkT, e]kT
Fig. 1. The ratio #4/2N of the copolymeric chain (-A-B-)y is
plotted against e4/k T in the limit N> 1: (a) ¢p/kT'=—0.223,
(b) 0.182, (c) 0.588, (d) 0.916. The dotted line corresponds
to the homogeneous polymeric chain calculated by Eq. (1).

It is probable that the adsorption of the segment A in
the copolymeric chain is obstructed by the existence of
the segment B having a low adsorption energy when
78>6/5 (es/kT<0.182). On the other hand, when
75>6/5, adsorption is preferred at the initial stage,
becomes equal to that of the homogeneous polymeric
chain at 7,=75, and then accepts a negative contri-
bution at larger 7.

0.5

0.4

03

742N, 752N
8

0.1

ealkT

Fig. 2. Comparison of #5/2N versus 4]k T (solid line) and #4/
2N versus g4/kT (dotted line) at (a) ep/kT =—0.223 and
(b) 0.916.

It is also interesting to see the variation of the average
number of adsorbed segments of kind B with 7, when
75 is given. The plot of 75/2N against e4/kT is shown
in Fig. 2 where the curves are calculated by Eq. (53)
by a similar procedure. Adsorption of segment B
occurs and increases gradually with 74 evenl when 75
has a value lower than 6/5 at which the homogeneous
polymeric chain consisting of B segments does not exist
in the adsorbed state. For 75>6/5, the value of 7
increases fairly steeply with 7.

From the above results, we can know the effect of
the adsorption energy of the segments on the total
average number of adsorbed segments of the alternating
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10

0.8

0.2

o5 05 10

eqlkT, e|kT

Fig. 3. The sum (54+7#5)/2N is plotted against g4/kT: (a)
eplkT=—0.223, (b) 0.182, (c) 0.916. #/n of Eq. (1) is shown
by the dotted line.

copolymeric chain. In Fig. 3, the sum of 72N and
75/2N given in Figs. 1 and 2 versus e./kT curves at
fixed values of 75 are illustrated together with the curve
of a homogeneous polymeric chain calculated by Eq. (1).
It is noticeable that the behavior of the copolymeric
chain near an interface is affected distinctly by the
adsorption energies of segments A and B, and the
copolymeric chain is forced to adsorb even for a fairly
low adsorption energy of the segment of one kind if
the adsorption energy of the segment of the other kind
is sufficiently large.

10

722 N3, 73[ni?

—05 0 05 10
e4lkT, ekT

Fig. 4. The ratio r2/2NI? of the copolymeric chain is plotted

against &4/kT: (a) ep/kT=—0.223, (b) 0.182, (c) 0.588,

(d) 0.916. The dotted line indicates 73/ni? given by Eq. (2).

Finally we evaluate the end-to-end distance of the
copolymeric chain (-A-B-)x in the limit N>>»>1. The
value of 72 calculated from Eq. (51) by a similar
procedure is given as a function of e4/kT at the constant
value of ep/kT in Fig. 4. The effect of adsorption
energies on the end-to-end distance is remarkably
large in comparison to those on the average number of
adsorbed segments. This seems in part due to the
fact that the symmetric random walk model which
allows any step to retrace the previous one on a simple
cubic lattice shortens specifically the end-to-end distance
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of the alternating copolymeric chain at the small value
of 7B.

Average properties of copolymeric chains of other
kinds will be discussed elsewhere.

Appendix

The square matrix of order a+-b, M, of Eq. (11) is related
to a diagonal matrix by

M = TAT?, (Al)
where
[ M 0-.-.0
A= 0 Ay 0o | (A2)
0 04

A; being the eigenvalues of M. The eigenvectors of M can
be obtained by solving simultaneous equations:

(PaFaro—Apt, 5 + nalits ; + -+ + 98F g0 alarp,; =0
PaFasoats,; + Dalarv—A7)t,5 + + + 98Fq40-olars,7 = 0

Dafits,y + aFate,; + -+ + (D8Fais—A5)tass,5 = 0,

j=12,.;a+b. (A3)
For notational simplicity it may be taken that
ty=1, j=1,2 -, a+b (A4)

The other vector elements are obtained from the a--b—1
equations out of Eq. (A3); we have
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b, = A4i(A;)/4:,(A5), ©=2,3,.-,a+b.

and j=1,2,.-.,a+ b, (A5)
where
74l NaFs - 78Fa0
A1(A;) = |9aFars— A5 9aFy - 18Fa,p s (A6)

and 4; (4;) is the determinant obtained on replacing the

respective elements in the (i —1)-th column of 4,(4;) by
- (”AF(H-D.—AJ)’ - WAFaAb—n ttty T 7]AF2'

The transformation matrix T consists of the eigenvectors

obtained above:

(A7)

(A8)

T = (&,,)
T = (t,;7)
where
t;,;7t= cofactor (¢,,,)/|T|.

By use of Eq. (Al) with Egs. (A2), (A7), and (A8), it
follows that

aM(I—M)~1g* = gTA(I— A)'T-1p*
a+d
= Etl,ﬂlj(l =) Myt
= 4,(1)/D(1), (A9)
where
D(1) = (=1)*?|M~I|
and 4,(1) is Eq. (A6) where 4, is equated to unity.

(A10)




